Abstract. In this paper we extend results related to Normalized Jensen Functional in several directions. We compare a specific Jensen functional with a sum of other functionals for convex functions, and we also extend these results for 1 -quasiconvex functions and for Superquadratic functions.
Introduction
In this paper we extend and refine Jensen type inequalities appeared in [1] , [2] , [4] , [5] and [8] related to the Jensen functional
We start with some theorems, definitions and notations that appeared in these papers. THEOREM 1. [5] Consider the normalized Jensen functional where f : C −→ R is a convex function on the convex set C in a real linear space, x = (x 1 ,... ,x n ) ∈ C n , and p = (p 1 ,... , p n ) , q = (q 1 ,... ,q n ) are non-negative n -tuples satisfying ∑ In [2] and in [4] a similar result is proved when f is a convex function on an interval on the real line, while p and q satisfy the conditions for Jensen-Steffensen inequality. 
If f is non-negative, it is also convex and the inequality refines Jensen's inequality. 
n , then the following inequlities hold: 
Then a Jensen's type inequality holds:
which is a refinement of Jensen Inequality if ϕ (x) > 0 . 
For N = 1 we get that
..,n and s 1 the number of i-th for which m 1 occur.
Define
and denote s k−1 as the number of cases for which m k−1 occurs.
Let also x i,1 ∈ (a, b) , i = 1,...,n and denote
In [8] the author uses the notations (1.1) and (1.2) for the special case q i = 1 n , i = 1,... ,n and he proves:
where
Using the theorems, notations and definitions stated above, and generalizing the technique used in [8] , in the next sections we extend in several directions Theorem 1 proved in [5] by S. Dragomir and Theorem 4 proved by M. Sababheh in [8] .
In Theorem 1 Dragomir compares a specific Jensen functional with another Jensen functional. In Theorem 5 and Theorem 6 in Section 2 we compare the specific Jensen functional with a sum of other functionals, see also Sababheh in [8] , where a particular case is proved.
In Section 3, Theorem 7 we extend Theorem 1 and Theorem 5 for 1 -quasiconvex functions.
A particular case of Theorem 7 is proved in [1] . In Theorem 8 we extend Theorem 1 and Theorem 5 for Superquadratic functions. A particular case of Theorem 8 is proved in [2] . We show in the sequel that Theorem 4 is included in our Theorem 5 and therefore applications mentioned in [8] regarding inequalities of interest in Operator TheoryMatrix Inequalities (see for instance [6] , [7] , [9] , [10] , and [11] ) can be seen as derived also from our theorems in this paper.
Convexity and extended normalized Jensen functional
We start with the following theorem:
Proof. According to (1.1) and (
Also it is clear that
Therefore as a result of (2.3) and (2.4), in order to prove (2.1) we have to show that
That is, we have to show that
and (2.5) holds because it is given that the function f is a convex function. The proof of the theorem is complete.
COROLLARY 3. Under the conditions of Theorem 5, if
we get an equality in (2.1).
Indeed, the first equality in (2.7) follows from the first equality in (2.3). The second and third equalities hold as m N =
holds, and as according to (2.4)
holds, (2.1) follows with equality. The proof is complete.
Replacing q i , i = 1,...,n by 1 n in Theorem 5 and Corollary 3 we get Theorem 4 (Theorem 1 in [8] ) and Theorem 2 in [8] .
We extend now the left hand-side inequality in Theorem 1. We denote (p 1,1 ,... , p 1,n ) , q = (q 1 ,... ,q n ) , (2.8)
where j is a fixed specific integer for which M 1 holds. We also denote
where j k is a specific index for which M k holds.
With the notations and conditions in (2.8) and (2.9) we get: 
10)
and
hold, where j 1 is a fixed specific integer for which M 1 =
Proof. As j 1 is a specific integer for which M 1 = Max
, it is easy to see that
Hence, also for k = 2,...,N the only positive p * i,k , i = 2,...,n is p * j 1 ,k where j 1 is the fixed integer that satisfies
, and therefore we can replace in the last line of (2.9) j k with j 1 , which means that (2.11) holds.
In order to complete the proof of the theorem, we proceed now with proving (2.10):
In a similar way as we get (2.2) we get
which means that
Also it is clear that
From (2.15) it follows that we have to show that
1 -quasiconvexity, superquadracity and normalized Jensen functional
In Theorem 7 we extend Theorem 3 and Theorem 5 for 1 -quasiconvex functions, and in Theorem 8 we extend Theorem 2 for superquadratic functions. 5 for p i,k , x i,k , m k , p 1 , q, k = 1,... ,N, i = 1,. .. n we get: 
holds.
